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Total Marks: 100 

Section 1 (Pages 2 – 5)  10 Marks 

• Attempt Q1 - Q10

• Allow about 15 minutes for this section

Section 2 (Pages 5-14) 90 marks 

• Attempt Q11 - Q16

• Allow about 2 hours and 45 minutes for

this section



Section 1 (10 marks) 

Attempt Questions 1-10 

Allow about 15 minutes for this section 

 

Question 1 

The magnitude of the vector 3𝑖 −  2𝑗 + 𝑘 is 

(A) √𝟏𝟒  (B) 𝟏𝟒  (C) √𝟔  (D) 𝟔 

 

 

Question 2 

The Cartesian equation of the line 𝑟 = (2
1
) + 𝜆( 3

−4
) is 

(A) 𝟒𝒙 + 𝟑𝒚 − 𝟏𝟏 = 𝟎 (B) 𝟒𝒙 + 𝟑𝒚 + 𝟓 = 𝟎  (C) 𝟒𝒙 + 𝟑𝒚 −  𝟏 = 𝟎  

(D) 𝟒𝒙 − 𝟑𝒚 − 𝟏 = 𝟎 

 

 

Question 3 

If one of the roots of 𝑧2 + 𝑝𝑧 + 𝑞 = 0, 𝑝, 𝑞 real is 𝑧 = 2 −  4𝑖 then 

(A) 𝒑 = 𝟒, 𝒒 = −𝟐𝟎 (B) 𝒑 = 𝟐, 𝒒 = −𝟏𝟎 (C) 𝒑 = −𝟒, 𝒒 = 𝟐𝟎 (D) 𝒑 = −𝟐, 𝒒 = 𝟏𝟎 

 

 

 

 

 

 

 

 

 

Multiple choice continues on the following page 

 

 

 

 

 



 

Question 4 

In the diagram below, 𝑂𝑃⃗⃗⃗⃗  ⃗ = 𝑧, |𝑧| > 1 and 
𝜋

4
< 𝐴𝑟𝑔 𝑧 <

𝜋

2
. (see diagram) 

 

If 𝑂𝑄⃗⃗⃗⃗⃗⃗ = 𝑧2 then Q would be at 

(A)      (B) 

  

(C)     (D) 

  



Multiple choice continues on the following page 

Question 5 

2𝑒
3𝜋𝑖
4 = 

(A) √𝟐 −  𝒊√𝟐   (B) − √𝟐 +  𝒊√𝟐 (C) −√𝟑 + 𝒊  (D) √𝟑 −  𝒊 

 

 

Question 6 

A particle is moving in simple harmonic motion between 𝑥 = 1 and 𝑥 = 5 

with period 
𝜋

3
 seconds. The equation for its position in terms of time could be 

(A) 𝒙 = 𝟐𝒔𝒊𝒏𝟑𝒕 + 𝟑 (B) 𝒙 = 𝟒𝒔𝒊𝒏𝟑𝒕 + 𝟑 (C) 𝑥 = 4𝑠𝑖𝑛6𝑡 + 3 (D) 𝒙 = 𝟐𝒔𝒊𝒏𝟔𝒕 + 𝟑 

 

 

Question 7 

A counterexample to the statement 3𝑛 –  1 is divisible by 4, 𝑛 ∈ 𝑍+ is 

(A) 32 –  1  (B) 33 –  1  (C) 34 –  1  (D) 36 –  1 

 

 

Question 8 

The negation of the statement “If n is a positive integer, 3𝑛 –  1 is divisible by 4” is 

(A) “n is a positive integer so 3𝑛 –  1 is divisible by 4” 

(B) “n is NOT a positive integer BUT 3𝑛 –  1 is divisible by 4” 

(C) “n is a positive integer BUT 3𝑛 –  1 is NOT divisible by 4” 

(D) “n is NOT a positive integer and 3𝑛 –  1 is NOT divisible by 4” 

 

 

 

 

Multiple choice continues on the following page 

 

 



 

Question 9 

∫
1

𝑥2  −  4𝑥 + 7
 . 𝑑𝑥 = 

(A) 𝒕𝒂𝒏−𝟏 (
𝒙−𝟐

√𝟑
) + 𝑪  (B) 𝒍𝒏 (

𝒙−𝟐+√𝟑

𝒙+𝟐+√𝟑
) + 𝑪 

(C) 
1

√3
𝒕𝒂𝒏−𝟏 (

𝒙−𝟐

√𝟑
)  + 𝑪  (D) 𝒍𝒏 (

𝒙 + 𝟐 + √𝟑

𝒙 − 𝟐 − √𝟑
) + 𝑪 

 

 

Question 10 

∫𝑥2021𝑙𝑛𝑥 . 𝑑𝑥 =  

(A) 
𝒙𝟐𝟎𝟐𝟐𝒍𝒏𝒙

𝟐𝟎𝟐𝟐
 + 𝑪   (B) 

𝒙𝟐𝟎𝟐𝟐

𝟐𝟎𝟐𝟐
(𝒍𝒏𝒙 − 

𝟏

𝟐𝟎𝟐𝟐
 ) + 𝑪 

 

(C) 
𝒙𝟐𝟎𝟐𝟐

𝟐𝟎𝟐𝟐
(𝒍𝒏𝒙 −  𝟏) + 𝑪 (D) 

𝒙𝟐𝟎𝟐𝟐

𝟐𝟎𝟐𝟐
(𝒍𝒏𝒙 − 

𝟏

𝟐𝟎𝟐𝟏
) + 𝑪 

 

 

Section II (90 marks) 

 Attempt Questions 11-16 

Allow about 2 hours and 45 minutes for this section 

Start the answers to each question on a separate page in your answer booklet. 

In Questions 11-16 your responses should include all relevant mathematical reasoning and/ or 

calculations. 

Question 11 (15 marks)        Marks 

(a) If 𝑧 = 1 + 2𝑖 and 𝑤 = 3 + 𝑖 

(i) Find 
𝑧

𝑤
 in Cartesian form         2 

 

(ii) HENCE show that 𝑡𝑎𝑛−1(2)  − 𝑡𝑎𝑛−1 (
1

3
) =

𝜋

4
      3 

Question 11 continues on the following page 

 



Question 11 (continued)        Marks 

(b) Use DeMoivre’s Theorem to find (√3 −  𝑖)
5
. Give your answer in   3 

Cartesian form. 

 

(c) In the diagram below, 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝑧1, 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝑧2 and 𝑂𝐶⃗⃗⃗⃗  ⃗ = 𝑧3. 

⎳𝑂𝐴𝐵 = ⎳𝑂𝐴𝐶 = 90𝑜 and 𝐴𝐵 = 𝐴𝐶 = √3 𝑂𝐴. 

 

(i) Show that 𝑧2 = (1 + 𝑖√3 )𝑧1        1 

 

(ii) Show that 𝑧2 + 𝑧3 = 2𝑧1         1 

 

(d) Sketch on an Argand diagram:        2 

|𝑧 − 𝑖| ≤ 5 𝑎𝑛𝑑 
𝜋

4
< 𝐴𝑟𝑔(𝑧) ≤

𝜋

2
  

 

 

(e)  (i) Show that 𝑒𝑛𝑖𝜃  −  𝑒−𝑛𝑖𝜃 = 2𝑖𝑠𝑖𝑛 𝑛𝜃      1

  

(ii) Hence show that 16𝑠𝑖𝑛4𝜃 = 2𝑐𝑜𝑠 4𝜃 −  8𝑐𝑜𝑠 2𝜃 + 6     1 

(You may assume 𝑒𝑛𝑖𝜃  +  𝑒−𝑛𝑖𝜃 = 2𝑐𝑜𝑠 𝑛𝜃) 

(iii) HENCE find ∫ 𝑠𝑖𝑛4𝜃. 𝑑𝜃         1 

Examination continues on the following page 

 



Question 12 (15 marks)        Marks 

 

(a) (i) Express 
9𝑥−9

(𝑥−2)2(𝑥+1)
 in the form 

𝐴

(𝑥−2)2
+

𝐵

𝑥−2
+

𝐶

𝑥+1
     3 

 

(ii) Hence find ∫
9𝑥−9

(𝑥−2)2(𝑥+1)
 . 𝑑𝑥        1 

 

 

(b) Using the substitution 𝑡 = 𝑡𝑎𝑛 (
𝑥

2
)  or otherwise, find    3 

∫
1

𝑠𝑖𝑛𝑥 + 𝑐𝑜𝑠𝑥 + 1
. 𝑑𝑥 

 

 

(c) Use integration by parts to find ∫ 𝑥 𝑠𝑖𝑛𝑥. 𝑑𝑥
𝜋

0
      2 

 

 

(d) (i) Prove ∫ 𝑓(𝑎 − 𝑥). 𝑑𝑥 =  ∫ 𝑓(𝑥). 𝑑𝑥
𝑎

0

𝑎

0
      1 

 

 

(ii) HENCE find ∫ 𝑥 𝑠𝑖𝑛𝑥. 𝑑𝑥
𝜋

0
        2 

 

(e) (i) If 𝐼𝑛 = ∫𝑠𝑖𝑛𝑛 𝑥. 𝑑𝑥, show that 𝐼𝑛 = −
𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛𝑛−1𝑥

𝑛
+

𝑛−1

𝑛
𝐼𝑛−2  2 

 

(ii) HENCE find ∫ 𝑠𝑖𝑛4𝑥. 𝑑𝑥         1 

 

 

 

 

Examination continues on the following page 

 

 

 



Question 13 (15 Marks)        Marks 

(a) If 𝑎 is even, prove that 𝑎2 + 2𝑎 is always divisible by 8.     2

      

 

(b) Prove by contradiction that √5 is irrational.      3 

 

 

(c) Prove by contraposition that if 𝑛2 − 2𝑛 is odd, 𝑛 is odd.     2 

 

 

(d) Prove by induction that 
1

12 +
1

22 +
1

32 +. . . . +
1

𝑛2 ≥
3

2
 −  

1

𝑛+1
    4 

 ∀ 𝑛 ≥  1, 𝑛 ∈ 𝑍+  

 

 

(e)(i) Prove 𝑎2 + 𝑏2 ≥ 2𝑎𝑏  ∀𝑎, 𝑏 ∈ 𝑅       1 

 

(ii) Hence prove (𝑎 + 𝑏) (
1

𝑎
+

1

𝑏
) ≥ 4, 𝑎, 𝑏 > 0      2 

 

(iii) Hence prove 𝑐𝑜𝑠𝑒𝑐2𝜃 + 𝑠𝑒𝑐2𝜃 ≥ 4  ∀ 𝜃      2 

 

            

              

 

 

 

Examination continues on the following page 

 

 

 

 

 

 



Question 14 (15 marks)        Marks 

(a) A particle moves in Simple Harmonic Motion (SHM) about 𝑥 = 0 with 

acceleration given by 𝑥̈ = −9𝑥. If the velocity of the particle is 

9𝑚/𝑠 when 𝑥 = 4, 

(i)Express the particle’s motion in the form 𝑣2 = 𝑛2(𝑎2 − 𝑥2) and state the  3 

period and amplitude of the motion. 

 

(ii) Find the particle’s maximum velocity.       1  

 

(b) A particle with mass 𝑚 is dropped from a stationary balloon. If the force of 

gravity on the particle is 𝑚𝑔 (downwards obviously!) and the particle experiences air 

resistance proportional to its speed (𝑚𝑘𝑣) in the opposite direction to its motion 

(see diagram) 

 

(i) Find an expression for the particle’s acceleration in terms of velocity and  2 

find the velocity it can’t exceed as it falls (terminal velocity) if 𝑔 = 10𝑚/𝑠2 

and 𝑘 =
1

6
 (Note: Down is positive in this question!!!) 

 

(ii) Show 𝒕 = −𝟔𝒍𝒏 (𝟏 − 
𝒗

𝟔𝟎
) and find the time at which it hits the ground  2 

 if it hits at half the terminal velocity. 

 

(iii) Show that 𝑥 = 60𝑡 + 360(𝑒  − 
𝑡

6  −  1) and find the height from which the particle 2 

was dropped. 

 

Question 14 continues on the following page 

 



Question 14 (continued)        Marks 

(c) A box with a mass of 100𝑘𝑔 is attached to a crane by a taut rope which 

is at an angle of 60𝑜 to the horizontal. The box is initially stationary 

but then starts to move horizontally along the ground as the crane pulls it 

with an overall force of 800 Newtons. 

Once the box starts moving it experiences resistance in the form of friction 

of 100𝑘𝑣2 where 𝑣 is its velocity (see diagram) 

 

(i) Taking 𝑔 = 10𝑚/𝑠2, by resolving forces vertically and assuming the   1 

box stays on the ground, find the magnitude of the normal force. 

 

(ii) By resolving forces horizontally, show that 𝑥 ̈ = 4 −  𝑘𝑣2 and find the value  2 

of 𝑘 if the box has a limiting horizontal velocity of 20𝑚/𝑠. 

 

(iii) Show that 𝑥 =  − 
1

2𝑘
𝑙𝑛 (1 − 

𝑘𝑣2

4
) and find how far the box has moved when 2 

it is moving at 10𝑚/𝑠. 

 

 

Examination continues on the following page 

 

 



 

Question 15 (15 marks)        Marks 

𝑨(𝟏, 𝟑, −𝟐)   𝑩(𝟕, 𝟏𝟏, 𝟐𝟐)   𝑪(𝟑𝟏, 𝟏𝟕, 𝟏𝟒) and 𝐷(25,9, −10) form a quadrilateral 

on a plane in 3 dimensional space. 𝐹 (24,−14,12) is another point in 3 

dimensional space which is NOT on this plane. (see diagram) 

 

 

(a) Show that 𝐴 lies on the plane 4𝑥 − 12𝑦 + 3𝑧 + 38 = 0     1 

 

(b) Show that the equation of the line 𝐴𝐶 is (
1
3

−2
) + 𝜆 (

30
14
16

)    1 

 

(c) The equation of the line 𝐵𝐷 is (
7
11
22

) + 𝜆 (
18
−2
−32

). Find 𝐸, the point of    3 

intersection of 𝐴𝐶 and 𝐵𝐷. 

 

 

(d) Show that 𝐴𝐶 and 𝐵𝐷 are perpendicular       1 

 

 

(e) Show that 𝐸 is the midpoint of 𝐴𝐶.       1 

Question 15 continues on the following page 



Question 15 (continued)        Marks 

 

 

(f) Given that 𝐸 is also the midpoint of 𝐵𝐷, show that 𝐴𝐵𝐶𝐷 is a square.   1 

 

 

(g) Find the perpendicular distance from 𝐹 to the line 𝐴𝐶.     2 

 

 

(h) Find the equation of the line through 𝐸 which is perpendicular to both 𝐴𝐶  3 

and 𝐵𝐷. 

 

 

(i) Show that 𝐹 is on the line through 𝐸 which is perpendicular to both 𝐴𝐶   1 

and 𝐵𝐷. 

 

(j) Find the volume of pyramid 𝐴𝐵𝐶𝐷𝐹.       1 

 

 

 

 

 

 

 

 

 

Examination continues on the following page 

 

 

 

 

 

 



 

Question 16 (15 marks)        Marks 

(a) A rocket with mass 𝑚 is launched vertically from the Earth’s surface at a 

velocity of 𝑈 𝑚/𝑠. It experiences resistance due to gravity of 
𝑚𝑘

𝑥2
 where 𝑥 is 

the distance from the centre of the Earth. If the Earth has a radius of 𝑅 and 

letting the force due to gravity at the Earth’s surface equal 𝑚𝑔: 

 

(i) Show that 𝑘 = 𝑔𝑅2.    1 

 

 

(ii) Show that 𝑣2 =
2𝑔𝑅2

𝑥
+ 𝑈2  −  2𝑔𝑅 and find the rocket’s escape velocity  2 

(the speed at which it won’t fall back to the Earth’s surface) in terms of 𝑔 and 𝑅. 

 

(iii) If the rocket is launched at a velocity of 𝑈 =  √
3𝑔𝑅

2
 find the maximum height 2 

it will reach in terms of 𝑔 and 𝑅. 

 

 

(iv) Show that 𝑣 =  
√4𝑔𝑅2 − 𝑔𝑅𝑥

√2𝑥
 and find the time taken to reach the maximum 3 

height. 

 

 

 

 

Question 16 continues on the following page 

 

 

 

 

 

 



Question 16 (continued)        Marks 

(b) (i) State the solutions to 𝑧7  −  1 = 0. You may leave your answers in the 1 

form 𝑐𝑖𝑠 𝜃. 

 

 

(ii) Hence show that         2 

 𝑧6 + 𝑧5 + 𝑧4 + 𝑧3 + 𝑧2 + 𝑧 + 1 = (𝑧2  −  2𝑧 𝑐𝑜𝑠
2𝜋

7
+ 1) (𝑧2  −  2𝑧 𝑐𝑜𝑠

4𝜋

7
+ 1) 

(𝑧2  −  2𝑧 𝑐𝑜𝑠
6𝜋

7
+ 1) 

 

 

(iii) By substituting 𝑧 = 1 show that       2 

 8 (1 −   𝑐𝑜𝑠
2𝜋

7
) (1 −   𝑐𝑜𝑠

4𝜋

7
) (1 −   𝑐𝑜𝑠

6𝜋

7
) = 7 

 

 

(iv) Hence show that 𝑠𝑖𝑛
𝜋

7
 𝑠𝑖𝑛

2𝜋

7
 𝑠𝑖𝑛

3𝜋

7
=

√7

8
      2 

(𝐻𝑖𝑛𝑡: 𝑐𝑜𝑠 2𝜃 = 1 −  2 𝑠𝑖𝑛2𝜃) . 

 

 

 

 

 

 

 

 

 

END OF EXAMINATION!!!! 

 

 

 

 

 




































